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In [I] Tsyrlin investigated Poisson's equation in 
order to establish the conditions of conservation of 
electrostatic field geometry in the presence of a space 
charge p. It is worthwhile considering the complete 
system of beam equations and drawing certain con- 
clusions about the coordinate systems in which the 
equipotential surfaces are given by equations x I = 
= const at p ~ 0. 

In the stationary case in the absence of an external 
magnetic field a monoenergetic regular [2] nonrela- 
tivisitie beam of charged particles with a specific 
charge ~7 of the same sign and value is described by 
a system of equations which in the arbitrary curvi- 
linear coordinate system x i (i = i, 2, 3) has the form 

gikviv k = 2% eiklOv~/Ox k = O, 

1 O ( ] / '~gC~O,p l=p  ' 0 (u (1) 

H e r e  v i a r e  the c o v a r i a n t  v e l o c i t y  c o m p o n e n t s ,  
is  the  s c a l a r  po ten t i a l ,  and p the  s p a c e  c h a r g e  d e n s i t y .  
E q u a t i o n s  (1) h a v e  b e e n  w r i t t e n  in the d i m e n s i o n l e s s  
v a r i a b l e s  r ~ V ~ ~~ p~ (r, V a r e  the  a b s o l u t e  va lues  
of  the  r a d i u s  v e c t o r  and the v e l o c i t y  v e c t o r )  

U s r = ar% V = UV ~ ~ ~--- -- U--. 2 qD ~ p = p~ 

wi th  the  d i m e n s i o n l e s s  quan t i t y  s y m b o l  o m i t t e d ;  a, U 
a r e  c o n s t a n t s  wi th  the  d i m e n s i o n s  of l eng th  and v e l -  
oc i ty ,  r e s p e c t i v e l y .  

The  p o t e n t i a l i t y  of the  v e l o c i t y  v e c t o r  m a k e s  it  
p o s s i b l e  to r e d u c e  s y s t e m  (1) to a s i n g l e  f o u r t h - o r d e r  

n o n l i n e a r  d i f f e r e n t i a l  e q u a t i o n  in the  a c t i o n  W [3, 4]: 

o ~ , . n o w  o rV-~gj, o ( g ~ k O w o w ' ~ l  I o 
o~1 g oW~L ~k ~ o ~ ) 1 ~  = '  

o w  
~ = -~7" (2) 

We now pose the problem of finding in Euclidean 
space (see [5]) 

R.~r8 t = 0 (3) 

the coordinate systems x i (i = I, 2, 3) in which ~ = ga(xl). 
We shall restrict the discussion to two-dimensional 
orthogonal systems given by the equations 

w x =  IReI(z) ,  ~ z =  I m / ( z )  ( z =  x-4-iy). 

In th i s  c a s e  

The  m o s t  g e n e r a l  f o r m  of the  p h y s i c a l  v e l o c i t y  

i (i = 1, 2) s a t i s f y i n g  the  e n e r g y  i n t e g r a l  c o m p o n e n t s  v x 
at  q - r  1) is g iven  by the e x p r e s s i o n s  

vae = V ~ v l  = V2"-~ sin 6, v x, = ]/'gg~v2 = ]/'2"~ cos t}, 

= ~ (~', ~). 

Equation (2) and the potential flow condition are 
written as follows: 

g-V. sin ~} (y-~cp")' + [(g'-V., sin ~h'  + 

+ (g-'/' r ~)~'1 Y@p" = o (4) 

gV, cos ~ ~' @ 2[(g V' cos {})1' -- (g'/' sin {})~'1~ = 0. (5) 

In (4), (5) a p r i m e  d e n o t e s  d i f f e r e n t i a t i o n ,  wh i l e  
the s u b s c r i p t  d e n o t e s  the  c o o r d i n a t e  wi th  r e s p e c t  to 
wh ich  d i f f e r e n t i a t i o n  is  p e r f o r m e d .  

In the  c a s e  c o n s i d e r e d  the  cond i t i ons  that  m u s t  be  
s a t i s f i e d  if s p a c e  (3) i s  to be E u c l i d e a n  r e d u c e  to the 

s i n g l e  equa t i on  

O~ O~ Ing = 0 (0 -~  In g + (0x2). (6) 

We sha l l  a s s u m e  tha t  ~ = ~ (xl), i . e . ,  tha t  t he  Vex, 

l i ke  (p, depend  only on x 1. T h e n  Eqs .  (4), (5) a r e  f i r s t -  
o r d e r  l i n e a r  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s  in In g: 

t 0 l n g + t w c t g q  O o l n g = ( F + l n s i n ~ ) , ,  
4 0 z  x ~ ox.- 

F ' =  [In( lf~-q~')]', (7) 

i o~ lng@,~ tg@a- -~ lng=( l+21neos6 ) ' ,  ]'~-(lnq~)'(8) 
2 

w h o s e  g e n e r a l  s o l u t i o n s  a r e  g iven  by the  e q u a t i o n s  

l n g = 4 F + 4 1 n  sin ~ +  G(~), ~ = ~ - -  In sin~ (9) 

in g = --2f -- 41n cos ~ + Q ($), ~ = ' x  ~ -- In cos {} (10) 

R e q u i r i n g  tha t  e x p r e s s i o n s  (9), (10) be  i den t i c a l ,  
we ob ta in  

Thus ,  f o r  In g we  h a v e  

g l l  = g22 = ]]r~ , i n g  = (I} (Z 1) -y ~$2, ( 1 1 )  
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It is c l ea r  that (6) is sa t i s f ied  if ~(x 1) is a l i nea r  
function.  Consequently,  

With different  values of the cons tants  ce, p, 
Eq. (11) gives Ca r t e s i an  x, y, po la r  R, r and sp i r a l  
ql,  qz coordina tes  [5]. 

We shal l  show that when 4 = 4(x z) a joint  solut ion of 
Eqs. (4), (5) does not exist .  

In the t h r e e - d i m e n s i o n a l  case  v x sa t i s fy  the  energy  
in tegra l  at qo = ~0(xl) , if 

~x,= ~'2"~cos T sin @, v~,= ] / ~ c o s ~  cos @, 

= ]/2-~ sin 

= ~ ( z l ,  z', zD, ~ = ~ ( ~ L  z ~, ~ ) .  

A s s u m i n g  that ,I, ~ q,(xl), ~ = ~ (x i) and r equ i r i ng  
that Eqs. (1) t r a n s f o r m  into o rd ina ry  d i f fe rent ia l  
equat ions,  we a r r i v e  at three  cy l indr ica l  coordinate  
s y s t e m s  co r r e spond ing  to the above-men t ioned  two- 
d imens iona l  sys tems ,  and at the spher ica l  coordinates ,  
r, ~9, r Thus, at p ~ 0 the f ield geomet ry  is p r e s e r v e d  
between pa ra l l e l  p lanes  x = const,  coaxial  cy l inders  
R = const,  concen t r i c  spheres  r = const,  as well  as 
between inc l ined  p lanes  r = const,  sp i r a l  cy l inde r s  
ql  = coast,  q2 = eonst ,  and cones  0 = const .  The f i r s t  
th ree  cases ,  co r r e spond ing  to the c l a s s i ca l  Chi ld-  
Langrnu i r -Blodge t t  solut ions,  a re  well  known. For  
these geome t r i e s  o n e - d i m e n s i o n a l  ( s ing le -component  
vi = dS/dx l, v2 = v3 = 0) flows a re  r ea l i zed .  None of 
the other  flows e n u m e r a t e d  have this p roper ty .  

Since the solut ion of the beam equations is not 
known in advance,  it evident ly  only makes  sense  to 

pose the problem of the conserva t ion  of field geomet ry  
when a study of this p roblem fac i l i ta tes  the f inding 
of such a solut ion.  It is to be expected that this will  
be the case  only for the four coordinate  sy s t ems  m e n -  
tioned above [6, 7], although in the p resen t  formula t ion  
it was found poss ib le  to prove weaker  a s s e r t i o n s .  
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